As Part V in our series, this paper examines steady-state fluorescence photon diffusion in a homogenous medium that contains a homogenous distribution of fluorophores, and is enclosed by a "concave" circular cylindrical applicator or is enclosing a "convex" circular cylindrical applicator, both geometries being infinite in the longitudinal dimension. The aim is to predict by analytics and examine with the finite-element method the changing characteristics of the fluorescence-wavelength photon-fluence rate and the ratio (sometimes called the Born ratio) of it versus the excitation-wavelength photon-fluence rate, with respect to the source-detector distance. The analysis is performed for a source and a detector located on the medium-applicator interface and aligned either azimuthally or longitudinally in both concave and convex geometries. When compared to its steady-state counterparts on a semi-infinite medium-applicator interface with the same line-of-sight source-detector distance, the fluorescence-wavelength photon-fluence rate reduces faster along the longitudinal direction and slower along the azimuthal direction in the concave geometry, and conversely in the convex geometry. However, the Born ratio increases slower in both azimuthal and longitudinal directions in the concave geometry and faster in both directions in the convex geometry, respectively, when compared to that in the semi-infinite geometry.
INTRODUCTION
Diffuse optical tomography enhanced with fluorescence contrast [1] [2] [3] [4] is an active area of optically rendered imaging that has the potential to achieve molecular sensitivity and high specificity in diagnosis. A surface measurement of the fluorescence photon to resolve the distribution of an endogenous [5] or exogenous [6, 7] fluorophore usually involves an array of illumination and detection points at the medium-applicator interface. The medium-applicator interface, relevant to reflective-mode diffuse fluorescence measurements, may be idealized by three geometries: (1) a semi-infinite geometry whereby the medium bounds with an infinite planar applicator [8] , (2) a "concave" geometry whereby the medium is enclosed by an infinitely long circularly curved applicator [9, 10] , and (3) a "convex" geometry whereby the medium encloses an infinitely long circularly curved applicator [11] . Photon propagation in any of these geometries could be modeled by diffusion as long as the measurement distance exceeds several times of the transport scattering scale [12, 13] . Abundant numerical resources are available for forward quantization of the fluorescence photon diffusion in arbitrary geometries [1] [2] [3] [4] [5] [6] [7] . Yet analytical treatment is of fundamental interest in revealing the effect of a particular geometry on fluorescence photon diffusion. Examples of the analytical modeling of fluorescence photon diffusion for infinite and semi-infinite geometries can be found in [14] [15] [16] , and for concave geometry in [17] ; however, an analytical modeling of fluorescence photon diffusion in convex geometry is outstanding. It is appreciable for both concave and convex geometries that as the radius of the geometry becomes infinite, the associated reflective measurement must converge to the measurement associated with the semiinfinite geometry.
Analytical treatments to reflective measurement of photon diffusion applying to both concave and convex geometries that are infinite in the longitudinal direction have been developed recently [18] . The validity of the models in the diffusion regime was demonstrated by Monte Carlo and experimental methods for steady-state measurements [19] , and by the finite-element method (FEM) for frequency-domain (FD) measurements [20] . The models illustrate that the DC and AC photon-fluence rates evaluated along the longitudinal and azimuthal directions of either concave or convex geometry have an opposite pattern of changes when compared to those along a straight line on a semi-infinite interface, with respect to the same source-detector distance. However, the pattern of opposite changes between along the longitudinal and azimuthal directions is not observed for the modulation depth and phase of FD measurement, indicating a "lumped" effect of the shape of the geometry upon the modulation depth and phase. Extrapolating these findings to fluorescence measurement, it is expectable that the fluorescence-wavelength photonfluence rate might reveal an opposite pattern of changes along the longitudinal and azimuthal directions, and furthermore a parameter that represents the "lumped" effect of the shape of the geometry on fluorescence measurement could also be speculated. One term that is of interest is the so-called Born ratio [21] [22] [23] , which refers to normalization of the photon fluence at the fluorescence wavelength to that at the excitation wavelength [24] .
As Part V in our series, this paper investigates steady-state fluorescence photon diffusion, to study the effect of concave and convex shapes of the geometry when compared to the semi-infinite geometry on reflective measurements of a homogenous medium. The study is specific to having a uniform distribution of flurophores, as there is always some degree of background fluorescence due to intrinsic tissue fluorochromes (auto-fluorescence) or nonspecific bio-distribution of the fluorescence dye or fluorescence probe injected [24] . The analytical treatment employs the extrapolated zero-boundary condition [25] [26] [27] by implementing the "image" source method [28] . The solutions for each of the three bounded geometries contain three parts, the first one attributed to the physical source, the second one attributed to the mirror image of the physical source with respect to the boundary, and the third one representing a shell effect specific to the extrapolated boundary. Approximations at a large radius of either concave or convex geometry reveal that the changing pattern of the fluorescencewavelength fluence rate with respect to the source-detector distance is similar to that of the excitation-wavelength fluence rate, in terms of the opposite trends along the longitudinal and azimuthal directions. However, the change of the Born ratio with respect to the same source-detector distance is always slower in concave and faster in convex geometries, compared to the semi-infinite geometry. FEM modeling is implemented for concave and convex geometries of practical dimensions to examine qualitatively the shape effect of the geometry on steady-state fluorescence photon diffusion.
STEADY-STATE FLUORESCENCE IN INFINITE AND SEMI-INFINITE GEOMETRIES
This section first formulates the analytics associated with an infinite medium containing a uniform distribution of fluorophores that amounts to the Born ratio derived in [23] . The analytics are then applied to the semi-infinite medium geometry, to provide a closed-form representation of the effect of the extrapolated boundary condition that was initially indicated in [14] . Figure 1A depicts an infinite scattering medium that has a diffusion coefficient D 3μ a μ 0 s −1 , where μ a is the absorption coefficient and μ 0 s is the reduced scattering coefficient. We use S ex ⃗r 0 S · δ r ⇀ − ⃗r 0 to symbolize a CW isotropic point source of intensity S at the excitation wavelength that locates at ⃗r 0 , and we use • ⃗r fl to represent an infinitesimal fluorophore element located at ⃗r fl , and define ⃗r as the field point or the detector. The CW photon-fluence rate at the excitation wavelength originating from S ex ⃗r 0 and reaching ⃗r is represented by Ψ ex ⃗r 0 → ⃗r , and that reaching •⃗r fl is represented by Ψ ex ⃗r 0 → •⃗r fl . Under Ψ ex ⃗r 0 → •⃗ r fl the fluorophore element •⃗r fl becomes a secondary CW isotropic point source at the fluorescence wavelength [14] , which is symbolized by Q fl •⃗r fl •Q fl · δ ⃗r − ⃗r fl and has the following intensity:
A. Infinite Geometry
where μ fl a is the absorption coefficient of the fluorophore at the excitation wavelength, and η is the fluorescence quantum yield when ignoring the saturation effect and secondary pathways of fluorescence [14] . The CW Ψ fl originating from Q fl •⃗r fl and reaching ⃗r is symbolized as Ψ fl • ⃗r fl ⇒ ⃗r . The CW Ψ fl originating from Q fl •⃗r fl as a result of the excitation by S ex ⃗r 0 and reaching ⃗r is expressed as Ψ fl ⃗r 0 → •⃗r fl ⇒ ⃗r , and that originating from ALL (symbolized by "∀") fluorophore elements in the medium being excited by S ex ⃗r 0 and reaching ⃗r is represented by Ψ fl ⃗r 0 → ∀⃗ r fl ⇒ ⃗r . Note that the "→" sign in Ψ refers to evaluation at the excitation wavelength, and the "⇒" sign at the fluorescence wavelength.
As our main goal is to assess the effect of the shape (either concave or convex) of the cylindrical curvature to Ψ fl when compared to the semi-infinite planar geometry, including the mismatch of optical properties at fluorescence and excitation wavelengths would introduce additional variations that make the analytics less explicit [14, 15, [21] [22] [23] [24] . We therefore suppose (A) (B) Fig. 1 . (Color online) Illustrations of a medium of infinite geometry (A) and a medium of semi-infinite geometry (B). In the semi-infinite geometry, the directional source and the detector are positioned on the physical boundary of the medium, and it becomes convenient to assign the same radial and azimuthal coordinates to the source and detector. The implementation of the extrapolated zero-boundary condition introduces the image of the equivalent isotropic source and the image of the fluorophore element with respect to the extrapolated boundary.
for all studied geometries that the optical properties of the fluorophore, as well as the background medium, are identical at the excitation and emission wavelengths. This hypothesis is actually largely justified in the near infrared [24] . As this study concerns a homogenous medium containing a homogenous distribution of the fluorophore, the effective attenuation coefficient is
where μ total a and D total are, respectively, the total absorption and diffusion coefficients of the medium containing the fluorophore, and will be represented by μ a and D, respectively, hereafter. The CW photon-fluence rates Ψ ex and Ψ fl satisfy the following equations [14] [15] [16] [17] [21] [22] [23] [24] :
In cylindrical coordinates, we analyze Ψ ex from the source S ex ⃗ r 0 at ⃗r 0 ρ 0 ; ϕ 0 ; z 0 to the fluorophore element •⃗r fl at ⃗r fl ρ fl ; ϕ fl ; z fl , and the resulting Ψ fl from the fluorescing source element Q fl •⃗r fl at ⃗r fl ρ fl ; ϕ fl ; z fl to the detector at ⃗r ρ; ϕ; z, for the infinite geometry as well as for the other medium geometries investigated in this study.
B. Semi-Infinite Geometry
A medium of semi-infinite geometry with the physical source and the detector located on the medium boundary is depicted in Fig. 1B . In semi-infinite geometry, it becomes convenient to assign the same radial and azimuthal coordinates to the physical source and the detector. Then the physical source S ex ⃗r 0 locates at ⃗r 0 ρ; ϕ; z 0 and the detector locates at ⃗r ρ; ϕ; z. The physical source S ex ⃗r 0 launches the photon into the medium at an initial direction orthogonal to the medium-applicator interface, and is treated as an equivalent "real" isotropic point source located one step of transport scattering, R a 1∕μ 0 s , into the medium [29] . The "real" isotropic source, denoted by S ex ⃗r 0 real S · δ r ⇀ − ⃗r 0 real , has the coordinates ⃗r 0 real ρ − R a ; ϕ; z 0 or ⃗r 0 real ρ R a ; ϕ; z 0 , respectively, for the origin at the medium side or opposite to the medium side. The effect of the medium-applicator interface on photon diffusion at the excitation wavelength may be modeled by an extrapolated zero-boundary condition [25] [26] [27] [28] , which sets zero Ψ ex at an imaginary boundary located R b 2AD off the physical boundary, where A 1 R eff ∕1 − R eff and R eff is a coefficient [25, 28] determined by the refractive index differences across the physical boundary. This extrapolated zero-boundary condition is accommodated by setting a sink or a negative "image" of the "real" isotropic source S ex ⃗r 0 real , with respect to the extrapolated boundary. This "image" source that produces a Ψ ex to be "negated" at any field point is denoted by
imag has the strength of the "real" isotropic source S ex ⃗r 0 real , and locates at ⃗r 0 imag ρ R a 2R b ;ϕ;z 0 or ⃗r 0 imag ρ − R a − 2R b ; ϕ; z 0 , respectively, for the origin at the medium side or opposite to the medium side. Then on the extrapolated boundary Ω the following condition is satisfied:
The distances from the "real" isotropic source S ex ⃗r 0 real and its "image" S ex ⃗r 0 imag to the detector at ⃗r are denoted by l real j⃗r 0 real − ⃗r j and l imag j⃗r 0 imag − ⃗r j, respectively. The straight-line distance between the physical source S ex ⃗r 0 and the detector, d j⃗r 0 − ⃗r j, is referred to as the "line-ofsight" source-detector distance, and is hereafter abbreviated as source-detector distance in all studied geometries. It is with respect to this source-detector distance d that the changing characteristics of Ψ fl and Ψ fl ∕Ψ ex are evaluated among different geometries.
In the semi-infinite geometry, the fluorescing source element Q fl •⃗r fl •Q fl · δ⃗r − ⃗r fl due to the excitation of the fluorophore element • ⃗r fl locates at ⃗r fl ρ − R fl ; ϕ fl ; z fl or ⃗r fl ρ R fl ; ϕ fl ; z fl , respectively, for the origin at the medium side or opposite to the medium side. The effect of the medium-applicator interface on photon diffusion at the fluorescence wavelength may also be modeled by the extrapolated zero-boundary condition, by setting zero Ψ fl on the same imaginary boundary located R b 2AD off the physical boundary as that for the Ψ ex , following the assumption of wavelength independence of D. This extrapolated zeroboundary condition is also accommodated by setting a sink or a negative "image" of the fluorescing source element Q fl •⃗r fl with respect to the extrapolated boundary. This "image" fluorescing source element that produces a Ψ fl to be "negated" at any field point is denoted by Q fl • ⃗r fl imag . The "image" fluorescing source element Q fl •⃗r fl imag has the strength of the "real" fluorescing source element Q fl • ⃗r fl , and is located at ⃗r fl imag ρ R fl 2R b ; ϕ fl ; z fl or ⃗r fl imag ρ − R fl − 2R b ; ϕ fl ; z fl , respectively, for the origin at the medium side or opposite to the medium side. Then the following condition is satisfied:
The distances from the "real" isotropic source S ex ⃗r 0 real and the "image" source S ex ⃗r 0 imag to the fluorophore element •⃗r fl are denoted by l It is noted by Eqs. (5) and (6) that we treat Ψ ex inf and Ψ fl inf that satisfy the boundary condition as being always positive, and use the sign of "" or "−" proceeding them to signify the contribution that a specific Ψ ex inf or Ψ fl inf makes at a field point. So the Ψ fl semi at a physically existing field point will be the Ψ fl inf by the "real" fluorescing source subtracting the Ψ fl inf by the "image" fluorescing source. As will be shown in Section 2.C.2, it becomes imperative to evaluate the Ψ ex inf by a "real" source or an "image" of it, upon a "real" field point (specifically the fluorophore element) or an "image" of it. These "real" or "image" sources and "real" or "image" field points result in four cases of Ψ ex inf to be determined based on the "image-source" method: (1) one by a "real" source upon a physically existing field point, (2) one by an "image" source upon a physically existing field point, (3) one by a "real" source upon the "image" of a physically existing field point with respect to the extrapolated zero boundary, and (4) one by the "image" source upon the "image" of a physically existing field point with respect to the extrapolated zero boundary. Then the Ψ ex semi at a physically existing field point is the Ψ ex inf produced by the "real" source subtracting the Ψ ex inf produced by the "image" source, whereas the Ψ ex inf at an "image" field point is found as the Ψ ex inf produced by the "image" source to be subtracted from the Ψ ex inf produced by the "real" source.
C. Solutions in Spherical Coordinates to Steady-State Fluorescence Associated with a Homogenous Medium and a Uniform Distribution of the Fluorophore 1. Source and Detector in an Infinite Medium Geometry The spherical-coordinates solution to Eq. (3) and S ex ⃗r 0 S · δ ⃗r − ⃗r 0 is well known:
Similarly, the spherical-coordinates solution to Eq. (4) and
The fluorophore element •⃗r fl due to excitation by S ex ⃗r 0 becomes a fluorescing source element Q fl •⃗r fl that has the following intensity:
Then Ψ fl inf excited by S ex ⃗r 0 upon the fluorophore element • ⃗r fl and reaching ⃗r is expressed as
For the medium containing a uniform distribution of the fluorophore, the Ψ fl inf that is excited by S ex ⃗r 0 upon ALL fluorophore elements and reaches the detector at ⃗r is
the derivation of which relies upon the following identity [14, 23] :
In Eq. (12) and other equations that involve integrating over ALL fluorophore elements of the given domain, i.e., ∭ d 3 ⃗r fl ∭ ρ fl dρ fl dϕ fl dz fl , the range of a specific integral dimension is omitted if performed over the entire space, unless otherwise becoming necessary to specify.
Source and Detector on a Semi-Infinite Medium-Applicator Interface
For a source and a detector located on a semi-infinite boundary to a homogenous medium, the solution in spherical coordinates to Eq. (3) in response to S ex ⃗r 0 S · δ ⃗r − ⃗r 0 that satisfies the extrapolated zero-boundary condition (5) is
Similarly the Ψ ex semi evaluated at the fluorophore element
So the intensity of the fluorescing source element Q fl • ⃗r fl due to excitation by S ex ⃗r 0 is
Then the spherical-coordinates solution to Eq. (4) in response to the fluorescing source element Q fl •⃗r fl that satisfies the extrapolated zero-boundary condition (6) is
In the semi-infinite geometry, it is straightforward to obtain that
where Ψ 
where Ψ For the medium containing a uniform distribution of the fluorophore, the Ψ fl semi reaching the detector at ⃗r that accounts for ALL fluorophore elements due to excitation by S ex ⃗r 0 , with the origin opposite to the medium side, is
The first integral of Eq. (19) decomposes into three parts, one over the entire space as symbolized by ρ fl −∞; ∞ that becomes Ψ fl inf ⃗r 0 real → ∀ ⃗r fl ⇒ ⃗r , one over the mirrored space of the medium with respect to the extrapolated boundary as symbolized by ρ fl −∞; ρ − 2R b , and one over the shell region dissected by the extrapolated boundary as symbolized by ρ fl ρ − 2R b ; ρ, resulting in the following equation:
Similarly, the second integral of Eq. (19) becomes
Substituting Eqs. (20) and (21) into (19), we have
We note that in Eq. (22), as the integration variable r fl moves over the mirrored space of the real medium with respect to the extrapolated boundary, r fl imag moves over the space of the real medium, the sixth integral is identical to the fourth integral, and the second integral is identical to the fifth integral in Eq. (22) . Then Eq. (22) simplifies to
The integral term in Eq. (23) corresponds to the "real" and "image" sources exciting the hypothetical fluorophore uniformly distributed within a 2R b shell off the physical boundary, in order to satisfy the extrapolated zero-boundary condition necessary for reaching the solutions in the physical domain of the fluorophore. The existence of this term, called a "2R b -shell" term in this study, was first discussed in [14] , which did not provide a closed form of it and ignored it when computing Ψ fl semi using the other two terms in Eq. (23).
STEADY-STATE FLUORESCENCE ASSOCIATED WITH "CONCAVE" AND "CONVEX" GEOMETRIES OF INFINITE LONGITUDINAL DIMENSION
A. Concave Geometry The "concave" geometry as shown in Fig. 2A refers to a diffusive medium enclosed by an infinitely long cylindrical medium-applicator interface. The radius of the cylinder is R 0 , a detector on the interface locates at ⃗r R 0 ; ϕ; z, and a directional source S ex ⃗r 0 on the interface locates at ⃗r 0 R 0 ; ϕ 0 ; z 0 . The geometric symmetry requires that the directional source S ex ⃗r 0 is modeled by a "real" isotropic point source S ex ⃗r 0 real S · δ r ⇀ − ⃗r 0 real positioned inward along the radial direction of ⃗r 0 at a distance of R a 1∕μ 0 s , i.e., at ⃗r 0 real R 0 − R a ; ϕ 0 ; z 0 . The effect of the medium-applicator interface on photon diffusion at the excitation wavelength is modeled by setting zero Ψ ex semi on a boundary that is concentric with and at a radial distance of R b 2AD outward from the physical boundary [18] . This boundary condition is accommodated by setting a sink or a negative "image" of the "real" isotropic source S ex ⃗r 0 real , with respect to the extrapolated boundary. The "image" source that produces a "negating" reaches R a 2R b outward from the boundary as R 0 → ∞.
Then on the extrapolated boundary ⃗r ∈ Ω or ρ ∈ R 0 R b , the condition of Eq. (5) is satisfied. In the concave geometry, the fluorescing source element Q fl •⃗r fl •Q fl · δ ⃗r − ⃗r fl due to excitation of the fluorophore element •⃗r fl locates at ⃗r fl R 0 − R fl ; ϕ fl ; z fl . The effect of the medium-applicator interface on photon diffusion at the fluorescence wavelength is modeled by setting zero Ψ fl semi on the same extrapolated boundary of Ψ ex semi . This boundary condition is also accommodated by setting a sink or a negative "image" of the fluorescing source element Q fl •⃗r fl , with respect to the extrapolated boundary. This "image" fluorescing source element that produces a "negating" Ψ fl is denoted by Q
where
As the Ψ ex conC reaching the fluorophore element •⃗r fl is
the intensity of the fluorescing source element Q fl •⃗r fl due to excitation by S ex ⃗r 0 is
The cylindrical-coordinates solution to Eq. (4) due to the fluorescing source element Q fl • ⃗r fl that satisfies the extrapolated boundary condition (6) is 
In concave geometry, it can be shown that (see Appendix A)
where the two terms Ψ (26)- (29), we can find the Ψ fl conC associated with • ⃗r fl due to excitation by S ex ⃗r 0 and reaching ⃗r as 
In Eq. (31), the first integral can be decomposed to three parts, including one over ρ fl 0; ∞ to become Ψ fl inf ⃗r 0 real → ∀ ⃗r fl ⇒ ⃗r , one over ρ fl R 0 ; R 0 2R b , and one over ρ fl R 0 2R b ; ∞ as follows:
In Eq. (31), the second integral can also be decomposed into three parts as follows:
Substituting Eqs. (32) and (33) into (31), we have
Notice that in Eq. (34) the second integral is in fact identical to the fifth integral, and the fourth integral is in fact identical to the sixth integral. Canceling these four integrals makes Eq. (33) as
B. Convex Geometry
The "convex" geometry as shown in Fig. 2B refers to a diffusive medium enclosing an infinitely long cylindrical mediumapplicator interface. The radius of the cylinder is R 0 , a detector on the interface locates at ⃗r R 0 ; ϕ; z, and a directional source S ex ⃗r 0 on the interface locates at ⃗r 0 R 0 ; ϕ 0 ; z 0 . The geometric symmetry requires that the directional source S ex ⃗r 0 is modeled by a "real" isotropic point source S ex ⃗r 0 real S · δ r ⇀ − ⃗r 0 real positioned outward along the radial direction of ⃗r 0 at a distance of R a 1∕μ 0 s , i.e., at ⃗r 0 real R 0 R a ; ϕ 0 ; z 0 . The effect of the medium-applicator interface on photon diffusion at the excitation wavelength is modeled by setting zero Ψ ex semi on a boundary that is concentric with and at a radial distance of R b 2AD inward from the physical boundary [18] . This boundary condition is accommodated by setting a sink or a negative "image" of the "real" isotropic source S ex ⃗r 0 real , with respect to the extrapolated boundary. The "image" source that produces a "negating" Ψ ex is denoted by S ex ⃗r 0 imag S · δ r ⇀ − ⃗r 0 imag , whose strength reaches that of S ex ⃗r 0 real as R 0 → ∞, and locates at ⃗r 0 imag ρ ? ; ϕ 0 ; z 0 , of which the radial coordinate ρ ? reaches R a 2R b inward from the boundary as R 0 → ∞. Then on the extrapolated boundary ⃗r ∈ Ω or ρ ∈ R 0 − R b , the condition of Eq. (5) is satisfied.
For a source-detector pair located on the convex boundary of a homogenous medium, the cylindrical-coordinates solution to Eqs. (3), (5), and S ex ⃗r 0 S · δ⃗r − ⃗r 0 is derived by following the analytics of Section 3.A as
In the convex geometry, the fluorescing source element Q fl •⃗r fl •Q fl · δ⃗r − ⃗r fl due to excitation of the fluorophore element • ⃗r fl locates at ⃗r fl R 0 R fl ; ϕ fl ; z fl . The effect of the medium-applicator interface on photon diffusion at the fluorescence wavelength is modeled by setting zero Ψ fl semi on the same extrapolated boundary of Ψ ex semi . This boundary condition is also accommodated by setting a sink or a negative "image" of the fluorescing source element Q fl •⃗r fl , with respect to the extrapolated boundary. This "image" fluorescing source element that produces a "negating" 
STEADY-STATE FLUORESCENCE VERSUS SOURCE-DETECTOR DISTANCE IN CONCAVE AND CONVEX GEOMETRIES OF LARGE RADIUS
As the radius of either concave or convex geometry reaches infinity, the reflective measurement associated with either geometry must converge to that associated with the semiinfinite geometry. To illustrate the effect of concave or convex shape on Ψ fl in comparison to the semi-infinite geometry, the following analysis is based on the assumption that the radius of the concave or convex geometry is much greater than the source-detector distance, which is also in the diffusion regime, i.e., R 0 ≫ d ≫ R a , R b . For completeness, the case of infinite geometry is also presented.
A. Excitation-and Fluorescence-Wavelength Photon-Fluence Rates with Respect to d
Infinite Geometry
For the case of an infinite homogenous medium of a uniform fluorophore distribution, we have
Semi-Infinite Geometry
For a source and a detector located on a semi-infinite boundary of a homogenous medium containing a uniform distribution of the fluorophore, we have
Then the condition of d ≫ R a ; R b , or equivalently k 0 d ≫ 1, approximates Eq. (13) to
In Eq. (23) the remaining integration term changes to (see Appendix B)
Then Eq. (23) can be approximated to
(43)
Source and Detector on a Concave Medium-Applicator Interface with Large Radius
For a source and a detector located on an infinitely long concave boundary of a homogenous medium containing a uniform distribution of the fluorophore, we have
where α is the acute angle formed by ⃗r − ⃗r 0 and the azimuthal plane. At large R 0 , Eq. (24) approximates to
In deriving Eq. (45) and hereafter, a term [20] of expfR a 2R b 2 ∕4R b R 0 − R a g is omitted for analytical simplicity as it has a negligible effect on the results due to R a , R b ≪ d ≪ R 0 . In Eq. (35), the finite integral term approximates to (see Appendix B)
and the unresolved term associated with the image source approximates to (derivation similar to Eq. (3.3.conC) of [18] )
where j⃗r 0 imag − ⃗r j semi is the distance between the detector and the image of the "real" isotropic source with respect to an imaginary semi-infinite plane that is tangential to the concave geometry at the point of the physical source. We than have the following results:
Source and Detector on a Convex Medium-Applicator Interface with Large Radius
For a source and a detector located on an infinitely long convex boundary of a homogenous medium containing a uniform distribution of the fluorophore, we have
where α is the acute angle formed by ⃗r − ⃗ r 0 and the azimuthal plane. At large R 0 , Eq. (36) approximates to
In deriving Eq. (50) and hereafter, a term [20] of expf−R a 2R b 2 ∕4R b R 0 R a g is omitted for analytical simplicity as it has a negligible effect on the results due to R a , R b ≪ d ≪ R 0 . In Eq. (37), the finite integral term approximates to
and the unresolved term associated with the image source approximates to
where j⃗r 0 imag − ⃗r j semi is the distance between the detector and the image of the "real" isotropic source with respect to an imaginary semi-infinite plane that is tangential to the convex geometry at the point of the physical source. We then have the following results:
The above equations characterize the changes of Ψ ex and Ψ fl versus the source-detector distance d j⃗r − ⃗r 0 j in a homogeneous medium containing a uniformly distributed fluorophore.
B. Changing Characteristics of Excitation-and
Fluorescence-Wavelength Photon-Fluence Rates along the Longitudinal and Azimuthal Directions with Respect to d
Source and Detector on a Concave Medium-Applicator Interface with Large Radius
On a concave interface of large R 0 , we have along the longitudinal direction (termed case-longi), i.e., ϕ 0 ϕ, the following results:
It can be shown by comparing the above two equations with Eqs. (41) and (43) that both Ψ ex conC and Ψ fl conC decay faster along the longitudinal direction on a concave interface than their counterparts along a straight line on a semi-infinite interface, versus the same d. However, the deviation of the concave case-longi Ψ fl conC from its semi-infinite counterpart is greater than that of the concave case-longi Ψ ex conC from its semi-infinite counterpart.
Similarly we have along the azimuthal direction (termed case-azi), i.e., z 0 z, the following:
It can be shown by comparing the above two equations with Eqs. (41) and (43) in the region of k 0 d ≫ 1 that both Ψ ex conC and Ψ fl conC decay slower along the azimuthal direction on a concave interface than their counterparts along a straight line on a semi-infinite interface, versus the same d. However, the deviation of the case-azi Ψ fl conC from its semi-infinite counterpart is smaller than that of the case-azi Ψ ex conC from its semi-infinite counterpart. The opposite trends of the decay of case-longi Ψ fl conC and case-azi Ψ fl conC indicate that a unique set of spiral paths should exist on the concave interface, along which Ψ fl conC reduces at the same rate versus d as along a straight line on a semi-infinite interface.
Source and Detector on a Convex Medium-Applicator Interface with Large Radius
On a convex interface of large R 0 , we have along the following case-longi results:
It can be shown by comparing the above two equations with Eqs. (41) and (43) that both Ψ ex conV and Ψ fl conV decay slower along the longitudinal direction on a convex interface than their counterparts along a straight line on a semi-infinite interface, versus the same d. However, the deviation of the convex case-longi Ψ fl conC from its semi-infinite counterpart is greater than that of the convex case-longi Ψ ex conC from its semi-infinite counterpart.
Similarly we have the following case-azi results:
It can be shown by comparing the above two equations with Eqs. (41) and (43) in the region of k 0 d ≫ 1 that both Ψ ex conV and Ψ fl conV decay faster along the azimuthal direction on a convex interface than their counterparts along a straight line on a semi-infinite interface, versus the same d. However, the deviation of the case-azi Ψ fl conV from its semi-infinite counterpart is smaller than that of the case-azi Ψ ex conV from its semiinfinite counterpart. The opposite trends of the decay of case-longi Ψ fl conV and case-azi Ψ fl conV indicate that a unique set of spiral paths should exist on the convex interface, along which Ψ fl conC reduces at the same rate versus d as along a straight line on a semi-infinite interface.
C. Photon-Fluence Rate at the Fluorescence Wavelength Normalized to the Photon-Fluence Rate at the Excitation Wavelength For a source and a detector located in an infinite homogenous medium containing a uniform distribution of the fluorophore, the normalized Born ratio has been derived as [23] 
which increases versus d. For a source and a detector located on a semi-infinite boundary of a homogenous medium containing a uniform distribution of the fluorophore, Eqs. (41) and (43) lead to the following normalized Born ratio:
It is observed that the Born ratio of the semi-infinite geometry is smaller versus d when compared to Eq. (62), and as d increases the difference between the Born ratio of semiinfinite geometry and that of infinite geometry reaches a constant multiplying d.
Source and Detector on a Concave Medium-Applicator Interface with Large Radius
For a source-detector pair on an infinitely long concave interface bounding a homogenous medium containing a uniform distribution of the fluorophore, the normalized Born ratio is
where as R 0 → ∞, both A conC and B conC converge to 1, and Eq. (64) reaches Eq. (63). It can be shown that the Born ratio given by Eq. (64) is generally smaller than the one given by Eq. (63), and the Born ratio of case-longi (cos α 0) is closer to the semi-infinite case than the Born ratio of caseazi (cos α 1).
Source and Detector on a Convex Medium-Applicator Interface with Large Radius
For a source-detector pair on an infinitely long convex interface bounding a homogenous medium containing a uniform distribution of the fluorophore, the normalized Born ratio is
where as R 0 → ∞, both A conV and B conV converge to 1, and Eq. (65) reaches Eq. (63). It can be shown that the Born ratio given by Eq. (65) is generally greater than the one given by Eq. (63), and the Born ratio of case-longi (cos α 0) is closer to the semi-infinite case than the Born ratio of caseazi (cos α 1).
The analyses in Sections 3 and 4 indicate the general behaviors of CW fluorescence-wavelength photon diffusion between a source and a detector aligned azimuthally or longitudinally on a concave or convex medium-applicator interface when the medium contains a uniform distribution of the fluorophore. It is straightforward to conclude that the changing patterns of Ψ fl and Ψ fl ∕Ψ ex predicted for concave or convex geometry of very large radius asymptotically reach the patterns of semi-infinite geometry for the same line-ofsight source-detector distance. It has been demonstrated in [18, 19] that the relative patterns of Ψ ex for concave or convex geometry of smaller radius quantified by either numerical implementation of the general (nonsimplified) analytical results or FEM solution to the equation of photon diffusion are the same as the relative patterns predicted by the simplified analytics. However, it is worth noting that numerical implementation of the general analytical results of Eqs. (35) or (37) for CW fluorescence photon diffusion in concave or convex geometry is arithmetically challenging, because the second term in either of the equations that corresponds to free-space excitation by the image source involves two integrations and two summations. Therefore quantization of the changing patterns of Ψ fl and Ψ fl ∕Ψ ex for concave or convex geometry of smaller practical radius is performed by FEM only in the next section using the simulation tool-box near-infrared fluorescence and spectroscopy tomography [30] employed for the studies in [18, 19] .
NUMERICAL EVALUATION OF THE CHARACTERISTICS OF STEADY-STATE FLUORESCENCE PHOTON DIFFUSION VERSUS SOURCE-DETECTOR DISTANCE IN CONCAVE AND CONVEX GEOMETRIES OF SMALL RADIUS
In this section, we examine case-azi and case-longi measurements in concave or convex geometry, in comparison to the straight line in semi-infinite geometry. The case-azi measurement corresponds to z z 0 in Eqs. (24), (35), (36), and (37). The case-longi measurement corresponds to ϕ ϕ 0 in Eqs. (24), (35), (36), and (37). For both concave and convex geometries, the FEM meshing volume is a cylinder 40 cm in height [20] . Denser meshes are placed along the mid-azimuthal plane on the medium-applicator interface for case-azi, and along the longitudinal direction for case-longi. The meshing volume for the semi-infinite geometry is a 16 cm × 8 cm × 8 cm rectangle, and denser meshes are generated along the straight line whereupon the optodes are placed. In each set of computation for concave, convex, and semi-infinite geometries, the meshing volume is discretized into at least 50,000 tetrahedral elements with more than 10,000 nodes. The radius of the concave geometry and the inner radius of the convex geometry are both 10 mm, the outer radius of the convex geometry is 40 mm, and the optical parameters are μ a 0.0025 mm −1 , μ 0 s 1 mm −1 , μ a 0.005 mm −1 , η 0.1, and A 1.86 [19] .
Figures 3A and 3B illustrate the changes of CW photon fluence at the excitation wavelength and the fluorescence wavelength versus d in both concave and convex geometries. As illustrated in Fig. 3A for concave geometry, the CW fluorescence-wavelength photon fluence reduces slower in case-azi and faster in case-longi than that along a straight line on the semi-infinite interface for the same d. Conversely, for convex geometry, as illustrated in Fig. 3B , the CW fluorescence-wavelength photon fluence reduces faster in case-azi and slower in case-longi than that along a straight line on the semi-infinite interface for the same d. These features agree with the predictions of Section 4.B. The changes of the Born ratio versus d in concave and convex geometries in comparison to semiinfinite geometry are shown in Fig. 3C . With respect to the same d, the Born ratio increases slower in concave geometry and faster in convex geometry when compared to that along a straight line on the semi-infinite interface. The Born ratio evaluated along the longitudinal direction is closer to that along a straight line on the semi-infinite interface than the Born ratio evaluated along the azimuthal direction. These features agree with the predictions of Section 4.C.
DISCUSSION
The analysis in Section 4 for concave or convex geometry includes the approximations made at a large radius, and offers insight into the effect of the applicator's curvature on the fluorescence-wavelength photon diffusion when compared to semi-infinite geometry. The analytics agree with the physical aspect that as R 0 → ∞, the changing characteristics of the CW photon-fluence rate at both excitation wavelength and fluorescence wavelength, as well as the Born ratio, of concave and convex geometries must reach their counterparts in semiinfinite geometry. Any rate difference between the changes along case-azi and case-longi certainly would also diminish as the radius of the cylindrical applicator becomes increasingly large. These qualitatively expected predictions by analytical approximations are validated by FEM simulation. The decay of CW fluorescence-wavelength photon-fluence rate with respect to d reveals opposite trends in case-azi and in case-longi when compared to that in the semi-infinite geometry. However, the change in the Born ratio in concave or convex geometry with respect to d uniquely reflects the shape of the applicator curvature when compared to the Born ratio in the semi-infinite geometry. The changes in the Born ratio with respect to d are smaller in concave geometry and greater in convex geometry than those in the semi-infinite geometry, indicating that the Born ratio represents the "lumped" effect of a cylindrical shape of the boundary on florescence photon diffusion. Subsequently, it will be interesting to investigate in future studies the change to the Born ratio by a perturbation to the uniform fluorescence distribution in concave and convex geometries with respect to the change in semi-infinite geometry, as that relates to the sensitivity of the fluorescence measurement.
In terms of the "largeness" of the radius of the concave or convex geometry to apply the simplified analytics in Section 4, one can consider that d greater than 10 times of the larger one of R a and R b satisfies the condition d ≫ fR a ; R b g, and R 0 greater than 10 times of d satisfies the condition of applying the asymptotic expressions of I m and K m . Then the general parameters, μ 0 s 1.0 mm −1 corresponding to R a 1.0 mm and μ a 0.01 mm −1 and A 1.86 [19] corresponding to R b 1.23 mm, result in R 0 12.3 cm being considered large. The scale of this radius may be close to that of a slightly curved external applicator but is not in any sense comparable to that of an internal applicator, which at most could have a radius of 1.5 cm. Therefore, although the simplified analytics of this work present a "qualitative" examination of the patterns of CW fluorescence photon diffusion in concave and convex geometries, the quantitative patterns of CW fluorescence photon diffusion, in particular the convex geometry of practical dimension, have to be studied using appropriate numerical methods.
CONCLUSION
This paper (Part V) examines steady-state fluorescence photon diffusion in a homogenous medium that contains a homogenous distribution of fluorophores. The geometries of the medium include a semi-infinite geometry, a "concave" geometry for the medium being enclosed by a circular cylindrical applicator of infinite length, and a "convex" geometry for the medium enclosing a circular cylindrical applicator of infinite length. The aim of this paper (Part V) is to investigate the changing characteristics of Ψ fl and the ratio (sometimes called the Born ratio) of it versus Ψ ex , with respect to the line-of-sight source-detector distance as applied to reflective measurements. Generalized analytical representations are derived and approximated for larger radius condition, and further analysis is performed for azimuthally or longitudinally aligned source-detector pairs in both concave and convex geometries. Numerical evaluations of the fluorescence photon diffusion in concave and convex geometries of a practical radius are carried out, and the revealed qualitative characteristics agree with the analytical predictions. When compared to the steady-state counterparts on a semi-infinite mediumapplicator interface with the same line-of-sight sourcedetector distance, Ψ fl reduces faster along the longitudinal direction and slower along the azimuthal direction, respectively, in the concave geometry, and conversely in the convex geometry. However, the Born ratio always increases slower in the concave geometry and faster in the convex geometry, respectively, when compared to that in the semi-infinite geometry. , and Born ratio (C), in concave and convex geometries in comparison to semi-infinite geometry. In concave geometry, the CW photon-fluence rates at both the excitation wavelength and the fluorescence wavelength reduce more slowly in case-azi and more quickly in case-longi than those along a straight line on the semi-infinite interface. In convex geometry, the CW photon-fluence rates at both the excitation wavelength and the fluorescence wavelength reduce more quickly in case-azi and more slowly in case-longi than those along a straight line on the semi-infinite interface. Note that the dominant slopes of the excitation-wavelength and fluorescence-wavelength lines associated with the semi-infinite medium are identical. We also note that the lines associated with the fluorescence wavelength have a slower change than the lines associated with the excitation wavelength in the concave geometry, and conversely in the convex geometry. In concave geometry, the changes in the Born ratio in both case-azi and case-longi are smaller than those along a straight line on the semi-infinite interface. In convex geometry, the changes in the Born ratio in both case-azi and case-longi are greater than those along a straight line on the semi-infinite interface. 
